We propose a scheme for extracting entangled charge qubits from quantum-dot chains that support zero-energy edge modes. The edge mode is composed of Majorana fermions localized at the ends of each chain. The qubit, logically encoded in double quantum dots, can be manipulated through tunneling and pairing interactions between them. The detailed form of the entangled state depends on both the parity measurement (an even or odd number) of the inner-site electrons in each chain and the teleportation between the chains. The parity measurement is realized through employing coherent-state microwave photons to interact with the inner sites, while the teleportation is performed in a way similar to qubit manipulations. Our scheme provides an illustration of localizable entanglement, which is feasible under realistic experimental conditions, as it allows for finite temperature effect as well as disorders and decoherence of the system.
I. INTRODUCTION
Majorana fermions (MFs), first considered by Ettore Majorana in 1937 for decomposing Dirac fermions into a superposition of real fermions [1] , are hypothetical particles which are their own antiparticles. In particle physics, no elementary particles are MFs except the neutrino whose nature is not explicitly resolved [2] . In condensed matter physics, however, MFs have been proposed as quasi-particle excitations of the ν = 5/2 fractional quantum Hall state [3] , at the surface of a topological insulator coupled with a s-wave superconductor [4] , in the quantum wells or quantum wires [5] [6] [7] , and in cold atoms [8] . Generally, three elements are needed for the realization of MFs [9, 10] : strong spin-orbit interaction to generate position or momentum dependent spin directions, superconductivity to induce electrons pairing effect, and Zeeman magnetic field to lift the spin degeneracy. Several experiments have been performed which can be interpreted as emergence of MFs [11] [12] [13] .
MFs are interesting not only due to their fundamental properties but also in the aspect of their potential applications such as topological quantum computation [14] , quantum state transfer [15] , quantum memory [16] and fault-tolerant quantum random-number generation [17] . The unique feature of these applications is the topological phase of matter for which the manipulations in the degenerate ground state subspace are protected from local noise and thermal excitations are suppressed by a sizable energy gap [18] .
In this work we propose a scheme for extracting entangled qubits from Majorana fermions through the measurement of parity. The system we consider is two parallel chains of quantum dots as shown in Fig. 1 . Each * mingchiangha@phys.nchu.edu.tw chain is divided into two subchains. We will demonstrate that, under realistic experimental conditions, each subchain encompasses a zero-energy edge mode composed of two unpaired Majorana fermions. The edge mode corresponds to two degenerate ground states for which the inner sites of the sub-chain (the bulk) are generally entangled with the boundary sites (the edges). The states for the bulk part in this bulk-edge entangled state have a definite parity (an even or odd number of electrons), while for the edges they are themselves (maximally) entangled states between the boundary sites. We propose employing coherent microwave photons to interact with the bulk in order to measure its parity. In this way, the 1 2 3' 4'
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FIG. 1. (color online)
. The schematic diagram of the experimental setup for extracting entangled qubits from two parallel chains that support Majorana fermions. The quantum dots (dark yellow ellipsoids) and the superconducting grains (blue cuboids) are grown on a dielectric slab (silicon nitride). In the back of the slab, there is a grid of electrical gates (golden bars) for controlling the confining potential of the quantum dots as well as the couplings between the quantum dots and the superconducting grains. Each of the two parallel chains are labeled as two connected chains. The chemical potential of their boundary sites are controlled by the front gates (purple). A magnetic field B is applied perpendicularly to the chains to induce spin-split levels in the quantum dots. maximally entangled edge states can be extracted. It can be seen that our proposal illustrates the concept of localizable entanglement [19, 20] . However, the edge states are not good entangled qubits, because the basis for the states is encoded in a single fermionic site, so that a superposition between the basis states is difficult [21, 22] . We propose a scheme to transform the edge states into two useful entangled qubits encoded in the boundary sites of the parallel chains so that superposition states of the qubit are allowed. The scheme involves a swap operation between the sites of different edge states, and teleportation through the edge states. Fig. 2 and 3 show the flow diagram and principal pulse sequence of our scheme. The total operation time ∼ 75 ns×4 + 150 ps ≈ 300 ns (see Fig. 3 ) is within the decoherence time ∼ 700 ns mainly due to the Johnson-Nyquist noise of the electric gates [23] . Another common source of decoherence is the environmental charges trapped in the insulating substrate or at the interface of the heterostructure [24] . These random charges interact with the electrons in the quantum dot, which causes severe decoherence. New growth methods for materials with low trapped charge density [25] , as well as the charge echo techniques [26] , can alleviate the decoherence. The entangled qubits extracted are a useful entanglement resource in the teleportation-based quantum computation (TQC) which is equivalent to the one-way quan- Here the microwave initally in the coherent state |α and the sub-chain C1 will go through three interactions U † , e −itH in , U designated by Eq. (10). B1, B2 are local nanoscale magentic fields applied to the site 1 and 2 resepctively. They are used to adiabatically increase the spin-split gap by a considerable amount so as to effectively switch off the interaction of the two sites with the microwave. B is the original Zeeman field. Decreasing it by 28.75 mT is to tune the gap of inner-site electrons into resonance with the microwave for realizing U † , U . tum computation [27, 28] . TQC can be used as a supplement to the standard charged-based quantum computing (CQC) [23] in the situations where quantum gates between remote qubits are needed, with the other ingredients: two-and three-qubit measurements realized by CQC. Our proposal allows for finite temperature effect, as the ground state of the chain is protected by a substantial energy gap induced by the superconducting proximity effect. Also, it is only required to finely tune the system parameters close to the edges, while small disorders of the system in the bulk of the chain is allowed. Therefore, our proposal can be implemented under realistic experimental conditions. The rest of the paper is organized as follows. In Sec. II, we study the model for describing the system in Fig. 1 and discuss the range of the parameters that supports perfect localized edge modes. We also show that the edge mode corresponds to the boundary sites in maximally entangled states correlated (entangled) with the paritydistinct states of the inner sites. In Sec. III, we discuss a scheme for realizing the measurement of the parity. The scheme, employing coherent-state microwave photons to interact with the inner sites, is crucial for obtaining entangled states of the boundary sites. In Sec. IV, we show that the obtained entangled states can be transformed, by using a swap operation and teleportation, into entangled qubits located at the overall ends of the two parallel chains. Finally, we give a conclusion in Sec. V.
II. THE MODEL
For convenience of discussion, each chain in Fig. 1 is re-labelled as two connected sub-chains so that there are four sub-chains C 1 , C 1 , C 3 , C 3 , with respective boundary sites being (1, 2), (1 , 2 ), (3, 4) , (3 , 4 ) . The partition scheme is not unique, as long as the sites 2 and 3 are aligned to allow a controllable coupling between them. The system of a single chain has already been proposed by Sau and Sarma for realizing MFs [29] . We briefly review the experimental realization of the chain. The linear chain with N sites is composed of N quantum dots. The two adjacent quantum dots are coupled through swave superconductors which induce pairing interaction in the quantum dots [30] . A Zeeman magnetic field B is perpendicularly applied to the chain, lifting the spin degeneracy, so that only a single quantum level effectively participates in the interaction between neighboring quantum dots. The chemical potential of each quantum dot is tuned by applying gate voltages individually, in order to resonantly couple the lower spin-split level of quantum dots to the Fermi level of superconductors. The gate voltages also induce Rashba spin-orbit interaction in the quantum dots, which results in spin texture in the quantum level indispensable for generating proximity effect in the neighboring sites [5, 6] . The chain is shown [29] to support a zero-energy Majorana edge mode for a wide range of system parameters with disorders. The edge mode is topologically protected against local perturbation and thermal noise is also suppressed due to the substantial energy gap of the chain [18] .
We study one sub-chain first. This corresponds to switching off the couplings between any two of the four sub-chains through performing appropriate electrical gating operations. The effective Hamiltonian is [29, 31] 
where the operator c † j (c j ) creates (annihilates) an electron in the Fermi level (the lower spin-split level with energy µ j ) of the jth quantum dot, w j and ∆ j are the tunneling and pairing amplitudes between the jth and (j + 1)th quantum dots. The subscripts here only describe the quantum dots in a sub-chain. Their meanings are different from the labelling for the boundary sites in Fig. 1 . The parameters w j , ∆ j and µ j can be different from site to site, due to the limited precision in fabricating and controlling quantum dots. We assume w j > 0, as the phases of w j can be eliminated by an appropriate transformation c k → c k e iθ k . Also, ∆ j is chosen to be a real number with a fixed sign (all positive or all negative) through carefully tuning the phases of the superconducting grains [29] .
The Majorana operators are defined as follows
Eq. (1) can be written in terms of
We notice that when
the Majorana operators d 1 and d 2N will be absent from Eq. (3). The two operators form a zero-energy edge mode with its annihilation operator
where η = det W 0 with W 0 being a (2N −2)×(2N −2) real orthogonal matrix that block diagonalizes the coefficient matrix in Eq. (3) (its dimension is reduced by 2 due to the absence of d 1 , d 2N ), and η 2 = 1. The remaining Ma-
with generally non-zero energies. See Fig. 4 (a). The introduction of η in Eq. (5) is to ensure that the parity operators of the respective Dirac modes are equal:
Here the parity operator has two eigenvalues ±1. The eigenvalue 1 means the number of electrons (or quasi-particles for b † jb j ) is even, while −1 means the corresponding number is odd. The Dirac modesb k diagonalize Eq. (3):
The zero-energy modeb † Nb N corresponds to two-fold degenerate ground states with definite parity:
They
The actual ground state of the chain alternates between |G 1 and |G 2 through electron tunneling between the chain's boundary sites and the reservoir [32] . The tunneling is switched off through appropriately tuning the confining potentials, in order to fix the ground state. To determine the ground state, that is, to measure its parity while keeping the state intact, the microwave scheme in Sec. III can be used. Alternatively, one can use Josephson junctions to measure the parity [33] . In fact, it's not necessary to know the state of the chain. One simply needs to ensure the state is the same ground state when it is repeatedly prepared. This can be done via precisely initializing the chain and controlling the time for approaching equilibrium. Then the state can be assumed to be |G 1 . One checks the experimental results regarding entanglement (Sec. IV) and compares them with the theoretical calculations for |G 1 . If the results are consistent, the initial assumption is correct. Otherwise, the initial state is |G 2 .
In the solution (4), w k , ∆ k for 2 ≤ k ≤ N −2 and µ k for 2 ≤ k ≤ N − 1 are arbitrary. However, their values will influence the energy gap (∼ Min(2|∆ k |), 1 ≤ k ≤ N − 1 in the condition that ∆ j ≈ w j and µ j ≈ 0 throughout the chain, see Ref. [29] ).
By usingb N |G 1 = 0 andb † N |G 2 = 0, it is not difficult to find out the forms of the two ground states in real space of the chain. (The details are presented in Appendix B.)
where the states |Φ
2 are maximally entangled states between the boundary sites 1 and N , |S e and |S o are some states in general forms for the sites from 2 to N − 1, and x 0 , x 1 are coefficients to be determined. For N = 2, there are no inner sites and the two degenerate ground states are reduced to |Φ 1,N , which has been considered in Ref. [30] . Although x 0 , x 1 are unknown, the expressions of the states (7) are sufficient for our discussion. The important aspect is the structure of these states: |G 1 , |G 2 , already written in the Schmidt decomposition form, are generally an entangled state between the boundary (edges) and the inner (bulk) sites of the chain. The Schmidt basis states of this bulk-edge entangled state have a definite parity (an even or an odd number of electrons) for the bulk: the parity of |S e (|S o ) is even (odd), while for the edges they are themselves (maximally) entangled states between the boundary sites. When the parity of the bulk is even, the two edges for |G 1 are in the state: |Φ 1,N are interchanged for |G 2 . We refer to Eq. (7) as conditionally maximally entangled states of the boundary sites. The four sub-chains in Fig. 1 will have four respective states of this type.
The parameter η is determined by w j , ∆ j , µ j in Eq. (3). When η = 1, the process of diagonalizing (3) corresponds to a proper rotation with the real orthogonal matrix W 0 acting on the vector
. The case of η = −1 is an improper rotation which includes a reflection operation on d. It is numerically found that when ∆ j ≈ w j > 0, µ j ≈ 0, then η = 1. This is the parameter regime that we would like to consider, while the case η = −1 involves changing the signs of an odd number of w j and ∆ j (a reflection operation) which is not a typical situation in experiments. Therefore, without loss of generality, we will assume η = 1.
III. EXPERIMENTAL SCHEME FOR REALIZING PARITY MEASUREMENT
The scheme for measuring the parity of the inner-site electrons of a sub-chain is shown in Fig. 4(b) . First, we shall summarize the overall process. A microwave in a coherent state |α is incident on the chain along the y direction. The chain is in the ground state e.g. |G 1 . After a proper time of interaction, the state becomes
where | ± α are the coherent states of the microwave with the respective amplitude ±α. It can be seen that the state of the boundary sites will collapse to |Φ
1,N through measuring the coherent states of the microwave, provided the coherent states are orthogonal. The orthogonality can be achieved to a good approximation when the amplitude α is sufficiently large so that
1). The two coherent states can be measured by means of beam splitters and photodetectors, with the error rate of distinguishing the states smaller than 10 −4 when α ≥ 1.5 [34] . The remaining part of the section will concentrate on the derivation of Eq. (8) . First, we suddenly increase the strength of the confining potential in the x direction for each quantum dot of the sub-chain so that the tunneling and pairing interaction between neighboring sites are switched off. This is a process of quantum quench. The Hamiltonian is suddenly changed to the one with only the on-site terms in Eq. (1). We work in the interaction picture where the ground state will not evolve with time. Then, we adiabatically increase the gap between the spin-split levels of the two boundary quantum dots of the sub-chain so that it is much larger than the gap of the inner sites. This is performed through adiabatically increasing the nanoscale magnetic fields on the boundary site [35] . Subsequently, a microwave with frequency ω m is incident on the chain along y-axis (see Fig. 4(b) ), which is perpendicular to both the Zeeman field (along z-axis) and the chain. The microwave only effectively interacts with inner-site elctrons, since the resonant frequency of the boundary-site electron is far-detuned from the microwave frequency. The effective Hamiltonian with rotating-wave approximation is [36] 
where δ = Ω − ω m is the detuning between the resonant frequency (Ω) of the quantum dots (the energy gap of the spin-split levels,) and the frequency (ω m ) of the microwave photons, c j , c † j are defined in Eq. (1), f j (f † j ) is the annihilation (creation) operator for the upper spinsplit level of the jth quantum dot around the Fermi level (see Fig. 4(b) ), a † , a are the creation and annihilation operators of the microwave photons, J is proportional to the coupling strength between the microwave and the quantum dots, and φ is the phase of the microwave. The Hamiltonian is written in the interaction picture with the free part
For realistic experiments where four chains are involved, the other three chains should also be adiabatically engineered in a similar way as that for the boundary sites of the chain under measurement. This is to effectively switch off the interaction of the microwave with these chains. Alternatively, one can use semiconductor photomasks to cover the boundary sites, and also the liquid crystal technology [37] to control the region for the microwave to pass through, only to the range of the chain under measurement. The phase φ in the above Hamiltonian can be adjusted by applying electric field via the electro-optic effect such as Kerr effect [38] .
The Hamiltonian (9) is essentially the Tavis-Cummings (TC) model [39] for describing the interaction between photons and a set of two-level atoms, if we define the raising and lowering operators for the atom as
is fulfilled when there is exactly one electron in the two spin-split levels around the Fermi level. However, when there is no electron around the Fermi level of some site, the above anti-commutator equals 0 and thus is not well-defined. In this situation, the microwave will not effectively interact with that specific site. Therefore, the number of the two-level atoms (denoted as N 0 ) in the essential TC model is not fixed; it depends on the number of electrons around the Fermi levels of inner sites. The parity of this number is what we want to measure.
Next we apply a unitary transformation U = exp[
] to the Hamiltonian (9) for φ = 0. Expanding to second order in J/δ, we have [40, 41] 
where
The terms proportional to J 3 are neglected for an initial coherent state of the microwave (see later discussion) with its amplitude α satisfying α δ/(2J). We notice that the initial state of the N 0 atoms is always in the lower spin-split levels, so that the last summation in Eq. (10) We also notice that U, U † in Eq. (10) can be realized through adiabatically tuning the gap of the inner-site electrons into resonance with the microwave and then adjusting the phase φ to be π/2, −π/2 respectively for a time evolution t = 1/δ (see Eq. (9) and Fig. 3(a) ). The microwave is stored in a quantum memory [42, 43] in the process of tuning the gap of the inner-site electrons. Hence the derivation is finished. Experimentally [29] , ω m /(2π) ∼ 114.31 GHz, Ω/(2π) ∼ 120.74 GHz (0.5 meV), J/(2π) ∼ 214 MHz, α ∼ 1.5 and T ∼ 70 ns. If we choose T = πδ/(2J 2 ) instead of πδ/J 2 , the state will evolve to |(i) N0 α |N 0 which can still be used to measure the parity of N 0 . However, despite the advantage of shorter time, measuring the corresponding four coherent states will involve higher error rates (> 0.01) [44] .
IV. USEFUL ENTANGLEMENT RESOURCE
The conditionally entangled states in Eq. (7) are not a useful entanglement resource: e.g. one cannot test Bell inequalities [45] or perform quantum computing [27] for these states. This is because the two levels of one subsystem of the entangled states are represented by the absence (|0 ) and presence (|1 ) of a fermion in a single site. Due to the superselection rule [22] , it is rather difficult to prepare an arbitrary superposition states between the two levels with different fermionic parity: α|0 +β|1 , (|α| 2 + |β| 2 = 1). We notice that there are proposals utilizing MFs to create entangled qubits [33, 46] . For one or both of the qubits, the basis is encoded with states of different fermionic parity. Thus, the experimental manipulation might be challenging, unless the spin degrees of freedom of the quantum dots are used as qubit basis [47] . A natural question arises: can we prepare useful entangled qubits from the states in Eq. (7)? The answer is yes if we encode the qubit in a logical basis by using two fermionic sites [23] , e.g. |0 ≡ |10 , |1 ≡ |01 . In another word, a well-defined qubit is a parafermion that can be constructed from fermionic particle-partilce (or partilce-hole) pairs [21] . If we can achieve the encoding, then the general single-qubit unitary operations can be realized. This is because the Hadamard gate can be realized by the hopping between the two fermionic sites, and the π/8 gate can also be realized through applying biased electric field on the two sites; combining these gates together can fulfil any local unitary gates [48] . Now, the question becomes how to realize the logicalbasis encoding. This can be done through the following scheme. Suppose all the sub-chains are initialized in the even-parity ground states |G 1 in Eq. (7). Then we measure the parity of the inner-site electrons of the chain C 1 and C 3 by using the scheme in Sec. III. Assume the results are both odd. So, the initial state of the sites 1, 2, 3, 4 is
Then, we swap the states of the sites 2 and 3 through the time evolution with the Hamiltonian
where we have grouped the states of the site 1 and 3 together (and also for 2, 4). Here a phase factor −i is present in the result of the swap operation, indicating a nonideal interchange of the two sites' states. It can be seen that we have obtained a maximally entangled state with two qubits encoded by four fermionic sites: the sites 1, 3 for one qubit and 2, 4 for the other. The logical basis are |0 1 ≡ |10 13 , |1 1 ≡ |01 13 for the first qubit, and |0 2 ≡ |10 24 , |1 2 ≡ |01 24 for the second. In fact, the success of creating this entangled state is attributed to the phase factor −i mentioned earlier; without it the above process is not possible [49] . See Fig. 5 for the schematic diagram of the swap operation. The state (12) is useful as discussed in the first paragraph of the present section. But one drawback is that 5. (color online) . The schematic diagram of the swap operation. ξ 23 is the potential barrier between the quantum dot 2 and 3 (see Fig. 2(c) ). The barrier is sufficiently high so that the coupling between the two quantum dots is switched off. When the barrier is suddenly decreased from ξ 23 to a lower value ξ23, the hopping interaction between the two sites is induced (see the green line with arrows). This interaction results in the swap operation as shown in Eq. (12) . The decrease of the barrier is realized through increasing the gate voltage between the two sites. See Fig. 3(b) . After the swap operation is finished, the barrier is restored to the higher value ξ 23 in order to switch off the interaction between the two sites.
the site 3 is far from the site 1 so that it is difficult to induce interaction between them (similar for the site 2 and 4). This problem can be solved by using the chain C 1 and C 3 as shown in Fig. 2 (a) . These chains are both in the conditionally maximally entangled states as C 1 and C 3 . Then, one can perform teleportation to transfer the state of the site 3 to 1 and that of 2 to 4 . The detailed scheme is discussed in the Appendix C. Finally, we obtain a useful maximally entangled state with two logical qubits encoded by the sites 1, 1 and 4, 4 respectively. See Fig. 2(d) .
The above scheme is still feasible when the measurement result for the parity of the inner-site electrons of C 1 and/or C 3 is even. But the final entangled state is a little different. For instance, if the parity of the inner sites of C 1 is even, the logical basis for the qubit in the sites 1, 1 will be |0 1 ≡ |00 11 , |1 1 ≡ |11 11 . In fact, the local gates for correcting the bit-flip errors or phase errors in the teleportation in Eq. (C3) is dispensable for achieving the final entangled qubits. For instance, if the bit-flip gates are not performed, the basis of the relevant qubit will change from {|00 , |11 } to {|10 , |01 } (or reversely), but the entanglement is equivalent. The situation that any of the chains are in the state |G 2 in Eq. (7) is similar. So we omit the discussion.
Finally, we would like to remark that all the measurements for determining the parity can be postponed after the operation of swap (Fig. 2(c) ) and/or Bell measurement ( Fig. 2(d) ) is performed. This is valid because of the linearity of quantum evolution.
V. CONCLUSION
We have shown that a pair of maximally entangled solid-state charge qubits can be extracted from two parallel chains of coupled quantum dots that support zeroenergy edge modes. The edge mode is composed of unpaired Majorana fermions. The extracted entanglement is a useful resource for quantum computing [27] . The details of the entangled state depends on both the parity measurement of the inner-site electrons in each chain (see Eq. (7)) and the teleportation between the chains. Our scheme provides an illustration of localizable entanglement [19, 20] , which is feasible under realistic experimental conditions, as it allows for finite temperature effect and local noise. That is, the ground state of the chain is protected against thermal excitations due to the substantial energy gap, and it is also topologically protected against local perturbation on the bulk because the zeroenergy mode is localized at the edges [18] . Moreover, it is only required to finely tune the system parameters close to the boundary sites (See Eq. (4)), while small disorders in the inner sites (the bulk of the chain) is allowed. The total operation time of our scheme is around 300 ns which is within the decoherence time ∼ 700 ns mainly due to the Johnson-Nyquist noise of the electrical gates [23] . As fluctuations of the environmental charges trapped in the insulating substrate or at the interface of the heterostructure may further reduce the coherence time [24] , new growth methods for materials with low trapped charge density [25] , as well as the charge echo techniques [26] , can alleviate the decoherence. The operation time can in principle be reduced through increasing the interaction strength between the microwave (frequency ω m ) and the quantum dots (resonant frequency of the spin-split levels Ω). See the last paragraph of Sec. III. The values of Ω and ω m should also be increased correspondingly for the rotating-wave approximation in Eq. (9) to be valid. Future work can be pursued on the scenarios that the disorders close to the boundary sites are present and/or the disorders in the bulk are too large, for which the degree of the extracted entanglement will generally decrease. One can use the Bogoliubov-de Gennes transformation [50] to solve for the zero modẽ
where φ j,k and ψ j,k are real coefficients determined by the condition that the Hamiltonian (1) is diagonalized: 
where the variables with subscripts equal to (N, 0) or (N, N + 1) are assumed to be 0. For a uniform chain i.e. w j = w, ∆ j = ∆ and µ j = µ in the above two equations, we notice that the transfer matrices are identical:
−µ ∆+w ∆−w ∆+w 1 0 ≡ A. However, the index for φ N,i will increase upon the action of the transfer matrix, while for ψ N,i the index will decrease. So, we can set ψ N,j = φ N,N +1−j , and the Bogoliubov-de Gennes transformation (A1) for d N becomes
Suppose the two eigenvalues of the transfer matrix A are λ 1 and λ 2 , i.e. 2 | < 1), we will have a decaying solution for φ N,i (or φ N,N +1−i ), i = 1, 2, · · · , N , in the thermodynamic limit N → ∞. This corresponds to |µ| < 2w. For general values of w j , ∆ j and µ j , Ref. [29] proves that if w j and ∆ j are sign-ordered i.e. sign(∆ j w j )=sign(∆ j+1 w j+1 ), and |µ j | < max(|w j−1 |, |∆ j−1 |), then the chain has zero-mode Majoarana fermions. The solution (4) can be verified by substituting it into Eq. (A2). Actually, there is another Next, we prove the parity equality: 
. When det W = 1, the parity equality holds [31] . For the parameters value in Eq. (4), we have the zero-energy mode in Eq. (5). The corresponding W will be
Therefore, det W can be calculated, according to the definition of determinant, as det
This concludes the proof.
Appendix B: Ground states in real space of the chain
In real space of the chain, |G 1 can be written as
where we have grouped the states for the sites 1 and N together (assume N ≥ 3 first), and |Ψ ij is the state for the sites from 2 to N − 1. We notice that because |G 1 has an even parity (i.e. it is a superposition of the states with an even number of electrons), the states |Ψ 00 and |Ψ 11 also have an even parity, while the states |Ψ 01 and |Ψ 10 have an odd parity. The state |G 1 satisfiesb N |G 1 = 0. By using Eq. (5), we haveb N |G 1 equal to |00 1,N (z 10 |Ψ 10 −ηz 01 |Ψ 01 )+|01 1,N (z 11 |Ψ 11 −ηz 00 |Ψ 00 )+|10 1,N (z 00 |Ψ 00 −ηz 11 |Ψ 11 )+|11 1,N (z 01 |Ψ 01 −ηz 10 |Ψ 10 ).
We can set z 10 = ηz 01 ≡ x 1 / √ 2, z 00 = ηz 11 ≡ x 0 / √ 2, |Ψ 10 = |Ψ 01 ≡ |S e , |Ψ 00 = |Ψ 11 ≡ |S o (note that η 2 = 1). Therefore, |G 1 equals
The initial state is 
where we have written the states of the sites 0 and 1 first, and then the states of the site N and the environment of the site 0. It can be seen that we have four results when measuring the sites 0 and 1 in the number basis: ij, i, j ∈ {0, 1} (see Ref. [23] for the experimental realization of charge measurement). For each result, the corresponding state for the site N and the environment of the site 0 is equivalent to the original state |χ 0 up to a local unitary transformation (gate) on the site N . The results 00 and 11 involve phase gates which are fulfilled by applying electric potential, while the results 01 and 10 involve bit-flip gates which are realized by coupling the site N to a chain supporting zero-energy edge modeb † mbm . The chain has a Hamiltonian similar to Eq. (1) with parameters in Eq. (4) , but N there is all replaced by another length m. The inner sites of a sub-chain in Fig. 1 can be chosen to serve as this chain. The coupling between the site N and the chain is [32] :
, where κ denotes the coupling strength. We have exp(−itH f )|0 N |G 1 = i|1 N |G 2 and exp(−itH f )|1 N |G 1 = i|0 N |G 2 when t = π/(2κ), realizing the bit-flip gate. Here |G 1 and |G 2 are the ground states of the chain (see Eq. (6) with N replaced by m), and their positions can be interchanged to obtain the other two Eqs. of time evolution.
For the other maximally entangled state
(|10 1,N + |01 1,N ), the discussion is very similar. We only need to flip the state of the site N in Eq. (C3) to obtain the result. See also a proposal using single-photon (boson) entanglement for teleporting photon states [51] , where the situation is comparable but a difference is that the local operations in the Bob's side are performed with the aid of atom-photon interactions.
